
Figure 3 shows the results for ZrO 2 units with grid current collection and copper matrices. 

It is clear that Tg/T c has a marked effect on L/H (hyperbolic); however, it has little effect on 63/H 
within the relevant range of Bi s and Tg, since this quantity is largely determined by Bis. 

The numerical data can be approximated with reasonable precision by the following equations: 

(TTKf)-s-~3 8~ =[--0 .0283+0.6361gBis](Tc-)  L _ 26.92Bisl.2 _ _  _Tg T o. I  (10) 
H c ,  ' H  

Figure  4 shows L /H and Bis as functions of T g / T c  for  e lec t rodes  with s tee l  m a t r i c e s ;  the curves  a re  of 
fall ing type ,  and the following functions provide a c lose  fit  for  the range T g / T c  ~1 .5 -2  for  L /H  as a function 
of T g / T  c and Bi s as a function of Tg /Te :  

-H- ~ r c /  -- rc 
(11) 

B is  : 4 .28  ( 0 . 2  - 0 .75 .  
k Te ] ' rc 

Equations (10) and (11) al low one to define the s i zes  of the e lec t rode  blocks to provide  a t e m p e r a t u r e  of 
T c ---- 2000~ for  a ZrO 2 module for  var ious  Bi s and Tg. 
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p ropaga te  in the medium with a finite veloci ty .  
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02/2 n 
Ou _ L~u,  Lnu- -~  ' (1) 
Ot Ox ~ 

has general ized solutions in the form of t empera tu re  waves corresponding to the propagation of thermal  d is -  
turbances  with a finite velocity in the medium. The presence  of solutions of Eq. (1) in the form of t empe r -  
a ture  waves p r e s u m e s ,  in par t i cu la r ,  a null t empera tu re  "background ~ through which the the rmal  disturbance 
propagates .  In this case  for  media with n > 1 the coefficient of the rmal  conductivity is reduced to zero  at the 
front of the t empera tu re  wave where u = 0, which is usually used to explain the finite velocity of propagation 
of the the rma l  dis turbance [3]. 

In [4-8] it was indicated that volumetr ic  heat absorption in the medium leads to slowing of the p rocess  
of propagation of the rma l  d is turbances .  It is the re fore  natural  to assume that the finite velocity of propaga-  
tion of the rma l  dis turbances may be due not only to the reduction to zero  of the coefficient of thermal  conduc- 
tivity at the front of the t empera tu re  wave, but also to the presence  of volumetr ic  heat absorption in the m e -  
dium. In other  words ,  the conditions under which the velocity of propagation of the fronts of thermal  d is tur -  
bances is finite for  p rocesses  descr ibed by the equation 

Ou 
- -  = L ~ u - -  f (u)  (2) 
dt 

can differ f rom the corresponding conditions for Eq. (1). The resul ts  presented below confirm this conclusion 
and show, in pa r t i cu la r ,  that in the presence  of volumetr ic  heat absorption a finite velocity of propagation of 
the fronts of the rma l  dis turbances also occurs  for  media with n _< 1. In addition, in a number of eases t he r -  
mal  d is turbances  can also propagate with a finite velocity through a nonzero tempera ture  "background." 

We can reduce the study of the unsteady p rocess  of propagation of thermal  disturbances to the solution 
of the following boundary-value problem in the region G: {x > 0, t > 0}: 

Ou 
- -  = L ~ u - -  f (u), n > 0 ,  
Ot 

u (x, 0) = U~ - const > 0, (3) 

u (0, t) == ~ (t), u (oo, t) = u0 

We will be confined to considerat ion of the case when ~o(t) is a nondecreasing function for t > 0; flu) > 0 and is 
continuous for  u > U0, and f(U 0) = 0. In this case  f(u) can have a discontinuity of the f i rs t  kind at the point u = 
U0, i . e . ,  in some cases  f (U 0 + 0) ~ 0. We note that this s tatement  of the problem also presumes  that heat 
fluxes a re  absent at infinity, i . e . ,  

0u~ ' (4) 
0x = ~  

We can solve the boundary-value problem (3) using the Rothe method of straight  l ines,  which is absolutely 
stable and has an e r r o r  O(~) [9], where T is the d iscre te  step in the t ime variable.  Convergence of the sequence 
of functions constructed by the Rothe method to the solution of the boundary-value problem (3) can be brought 
about by using procedures  analogous to those used in [10]. 

We introduce a grid of s t ra ight  lines t = t k = kz(k = 0, 1, . . .  ,) x~dth some sufficiently small step T > 0. 
Then, af ter  the t ime var iable  t is made d i sc re te ,  we obtain a system of ordinary differential  equations for  the 
determinat ion of the approximate values Uk(X) of the function u(x, t) at the points t = tk: 

L,~u k u ~ -  uh_ 1 d - f ( u k ) ,  k - - -  1, 2 . . . . .  (5) 

l i  0 ~ U 0 

with the boundary conditions 

u,, (0) = ~ (t~), uk (oo) -- U0. 

Making the substitution v k = u~, we write (5) and (6) in the form 

(6) 
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~ 0  h V n V n k - -  k - - 1  
- -  + F ( v k ) ,  k =  1, 2, 

d x  ~ T 

vo = Vo, vk (0) = q) (tD, vh ( ~ )  = Vo, 
(7) 

w h e r e  
! 

F (v~) ---- f (v~ n ), $ (tk) - -  [~ (t~)p, V0 ~ g ~  

In so lv ing  the  b o u n d a r y - v a l u e  p r o b l e m s  (7) f o r  k = 1, 2 . . . . .  one s u c c e s s i v e l y  d e t e r m i n e s  the  funct ions v~(x), 

v2 ix), e t c .  

One can  show tha t  

Le t  us p r o v e  (8) f o r  k = 1. 
r ive  m i n i m u m  at  s o m e  point  x = x ~ and at x = x ~ 

vh (x) > v~,_~ (x). (8) 

A s s u m i n g  the  oppos i t e ,  we find tha t  the funct ion  z = v~(x) - -  V0 m u s t  r e a c h  a n e g a -  

On the o t h e r  hand,  u s ing  (7) we have  

dz  d2z =o, >o. 
dx 

1 1 

d2z vx '~ - -  Vo" 
= F (v~) + (9) 

dx 2 

and one can  a lways  take  r s m a l l  enough tha t  the r igh t  s ide  of  (9) i s  n e g a t i v e  at  x = x ~ The c o n t r a d i c t i o n  ob-  

t a ined  p r o v e s  tha t  z -> 0 at  any point  x .  Us ing  th i s  r e s u l t  one can  s i m i l a r l y  p r o v e  (8) f o r  a l l  k > 1. 

It i s  obvious  tha t  the v e l o c i t y  of p r o p a g a t i o n  of the  f ron t  of a t h e r m a l  d i s t u r b a n c e  wi l l  be f in i t e  fo r  the  

p r o c e s s  d e s c r i b e d  by (3) i f  f o r  any k one can  find Xk < r such  tha t  Vk(X) -= V0 fo r  x _> Xk, whe re  

dva  
I = 0 (lO) 

at the point x = x k of the temperature wave front. [The condition (I0) assumes tlmt the requirements of conti- 

nuity of the temperature and heat flux at the temperature wave front are satisfied. ] 

The first step (K = i) is decisive in the determination of the conditions under which the velocity of prop- 

agation of the fronts of thermal disturbances is finite, since in the case of an infinite velocity the point x = 

x I < ~ of the front, which separates the half-space x > 0 into a region x < xl which thermal disturbances from 

the wall x = 0 have reached in a time T and an undisturbed region x _ x I where vl - V 0, would already be ab- 

sent in s first step. At k = 1 we have from (7) 
I I 

d~v~ vl ~ ~ Vo n 
- -  + F (o~), 

d x  ~ z 

ol (0) = �9 ( %  vl (~o) = Vo. 
(11) 

Since v i - V 0 satisfies Eq. (Ii), the boundary-value problem (II) can have a front solution only in the case 

when the solution v I = V 0 is a singular solution of this equation [7, 8]. In this case the generalized solution 

v1(x) of the problem (II), corresponding to a temperature wave with a finite velocity of propagation of the 

front, will represent a particular solution of Eq. (II) for x < xl, satisfying the boundary condition at x = 0 

and the conditions (I0), joined at the point x = x I of the front to the singular solution v I (x) - V 0 for x _> x I. 

The generalized solution of the problem (11) can be written in the form 

1/2R(s) ~'~ x l - x  for X ~ X  1, 
Vo 

v l - ~ - V  o for x > x l ,  
(12) 

where 
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/7. 
(s) = - -  

n + l  

,,+._.2' 
8 n 

~+_A _L 

--,~ Vo n Vo nT ($ -- VO) AN S F (O) d~J, 
vu 

x~ = V 2R (s)" 
Vo 

(i3) 

The  po in t  s = V 0 i s  the  only  s i n g u l a r  po in t  of t he  i n t e g r a n d s  in  (12) a n d  (14), s i n c e  wi th  a l l o w a n c e  fo r  
t he  l i m i t a t i o n s  i m p o s e d  on the  func t ions  ~o and f we have  

R(s) > 0 for V , , < s ~ r  (14) 

T h u s ,  in  o r d e r  f o r  the  s o l u t i o n  of  t he  p r o b l e m  (11) to  have  the  f o r m  of a f r o n t  s o l u t i o n  c h a r a c t e r i s t i c  of a 
t e m p e r a t u r e  wave  wi th  a f i n i t e  v e l o c i t y  of p r o p a g a t i o n  of  t he  f ron t ,  i t i s  n e c e s s a r y  t ha t  the  i m p r o p e r  i n t e g r a l  in  
(14) have  an  i n t e g r a b l e  s i n g u l a r i t y  a t  t h e  po in t  s = V 0. T h e r e f o r e ,  a f r o n t  s o l u t i o n  of  the  p r o b l e m  (11) e x i s t s  

i f  a s  s - - V 0  

R (s) = 0 [ ( s - -  V0)~l,  (15) 

w h e r e  a < 2. The  cond i t i on  (15) i m p o s e s  c o r r e s p o n d i n g  l i m i t a t i o n s  on V0 and f u n d e r  which  the  so lu t i on  of  
t he  p r o b l e m  (11) wi l l  be a f r o n t  s o l u t i o n .  

F i r s t  of a l l ,  when f (u )  -- 0 the  cond i t i on  (15) i s  s a t i s f i e d  i f  V 0 = 0 (U 0 = 0) and n > 1. T h u s ,  in  the  a b -  
s e n c e  of  v o l u m e t r i c  h e a t  a b s o r p t i o n  in  t he  m e d i u m  t e m p e r a t u r e  w a v e s  wi th  a f in i t e  v e l o c i t y  of p r o p a g a t i o n  of 
the  f r o n t  can  p r o p a g a t e  on ly  t h r o u g h  a nu l l  " b a c k g r o u n d "  due to  the  r e d u c t i o n  to  z e r o  of  the  c o e f f i c i e n t  of t h e r -  
m a l  c o n d u c t i v i t y  a t  the  wave  f r o n t .  

Wi th  V 0 = 0 and n > 1 f ron t  s o l u t i o n s  e x i s t  f o r  any  f ( u ) ,  w h e r e  i t  fo l lows  f r o m  (14) tha t  v o l u m e t r i c  hea t  
a b s o r p t i o n  in  t h e s e  c a s e s  a l w a y s  d e c r e a s e s  the  v e l o c i t y  of p r o p a g a t i o n  of  the  t e m p e r a t u r e  wave  f r o n t .  If n - 1 
o r  V0 > 0 then  the  c o e f f i c i e n t  of  t h e r m a l  c o n d u c t i v i t y  i s  not  r e d u c e d  to  z e r o  a t  the  t e m p e r a t u r e  wave  f ron t .  In 
t h e s e  c a s e s  the  p r o b l e m  (11) can  a l s o  have  f r o n t  s o l u t i o n s  when v o l u m e t r i c  hea t  a b s o r p t i o n  o c c u r s  in  the  m e -  
d i u m  (f  ~ 0). In p a r t i c u l a r ,  wi th  V 0 = 0 (U 0 = 0) and n _< 1 a f ron t  so lu t i on  e x i s t s  i f  f (u)  = 0(ufi), w h e r e  fi < n, 
a s  u - * 0 .  The  c a s e  of  fi ~ 0 c o r r e s p o n d s  to  a d i s c o n t i n u i t y  of  the  f i r s t  kind in  t he  func t ion  f a t  the  poin t  u = 0, 
and s i n c e  n > 0 i n  the  c a s e s  u n d e r  c o n s i d e r a t i o n ,  in  the  p r e s e n c e  of a d i s c o n t i n u i t y  in  f a  f i n i t e v e l o c i t y o f p r o p -  

a ga t i on  o f  t h e r m a l  d i s t u r b a n c e s  wi l l  o c c u r  f o r  any n. 

If  t he  cond i t i on  (15) i s  s a t i s f i e d ,  t h e n t h e  e x p r e s s i o n  (12) d e t e r m i n e s  s o m e  func t ion  Vl(X) which  i s  c o n t i n u -  
ous  t o g e t h e r  wi th  i t s  f i r s t  d e r i v a t i v e  f o r  any  x > 0. The  s e c o n d  d e r i v a t i v e  of the  func t ion  v 1 (x) i s  cont inuous  
e v e r y w h e r e  e x c e p t  p e r h a p s  f o r  the  po in t  x = x t ,  w h e r e  i t  l o s e s  con t inu i ty  i f  t he  func t ion  f h a s  a d i s c o n t i n u i t y  a t  

t he  po in t  u = U0. 

An a n a l y s i s  of  the  s o l u t i o n s  of the  p r o b l e m  (7) f o r  k > 1 ana logous  to  tha t  c a r r i e d  out  fo r  k = 1 shows 
t h a t  when the  c o n d i t i o n s  found above  a r e  s a t i s f i e d  the  g e n e r a l i z e d  so lu t i ons  of the  p r o b l e m  (7) wi l l  a l s o  be 
f r o n t  s o l u t i o n s  in  t he  s u b s e q u e n t  s t e p s ,  w h e r e  t he  f ron t  of  the  t e m p e r a t u r e  wave  wi l l  p r o p a g a t e  wi th  a f in i te  

v e l o c i t y  t h r o u g h  the  u n d i s t u r b e d  b a c k g r o u n d  (Xk <_ Xk+l). 

As  an  i l l u s t r a t i o n  of the  above  me thod  of s o l v i n g  u n s t e a d y  p r o b l e m s  of  n o n l i n e a r  hea t  conduc t ion  of the  

t y p e  o f  (3) l e t  us  c o n s i d e r  ih  the  r e g i o n  G:{x > 0, t > 0} the  p r o b l e m  

Ou O~u 
- -  u0  (u - -  Uo), ( 16 )  

Ot Ox ~ 

u (x, O) - -  U o, u (0,  t)  = U , ,  u (oo ,  t) = Uo, 

w h e r e  U0 and  U .  a r e  c e r t a i n  c o n s t a n t s  wi th  U .  > U0 and 0 (z) i s  a s t e p  func t ion  which  f o r  z -- 0 i s  d e t e r m i n e d  

a s  

0 (z) -~ lim z v = { 1 for Z ~ 0, 
v-o 0 for z ~ 0 .  

A p p l y i n g  the  Rothe  m e t h o d  of  s t r a i g h t  l i n e s ,  we have  the  fo l lowing  s y s t e m  of b o u n d a r y  p r o b l e m s  f o r  u k = u(x ,  

k~) : 
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U 0 ~ U o ,  

d~uu 
- -  = u~O (u~ - -  Uo) + 

dx" (i7) 

u~ (0) = U,, u~ (oo) = Uo, k = 1, 2 . . . .  

F o r  any k t he  g e n e r a l i z e d  s o l u t i o n  of t h e  p r o b l e m  (17) can  be  ob ta ined  in  t he  a n a l y t i c a l  f o r m  

u ~ ( x )  = 

P(:2~ (x) e a* +Q(~)~_ (x) e -~= + p~ ' ,  x, ..< x .<. x~, 
I {. 
I P~o t~ (x) e~'~+ Q~o ~) (x) e -~* + p~), x~_~ -<~ x ~< x~, 

U o, X ~ X~., 

w h e r e  the  c o n s t a n t s  O f )  and  x k and the  c o e f f i c i e n t s  of the  p o l y n o m i a l s  

(18) 

, - -  " " * i , l  1 , 0 '  

Q?, ( . )  = + + . . .  + + 

a r e  d e t e r m i n e d  f r o m  the r e c u r r e n t  equa t ions  

, Pi ] = 1 , 2 ,  . k ,  x0 = 0 ,  ~ =  ~ -  p(kk--~ = U0 ' p}k) _ I + ~  . . . .  

a(.k.) = ai--l,i-t a(k) = 
m 2iX* ' i.v 2v~'r ' 

k--1 [V(V + 1)'rb~k~)+t + b (k-l) 1 
b{k). ~ b i - t , i - t  b(~)  = i - | ,  , v - l l  

],l 2]~'~ ' i,v 2%:c ' 

v = ] - - l ,  ] ~ 2  . . . . .  2 ,1 ,  ] = k - - l , k - - 2  . . . . .  2,1,  

= ia~-~, k-v xk -v+  s-v, ~--v--t T �9 �9 �9 -7uk--v.IXI e 

+ I b ~ , .  �9 ~-~--  =(~) ~-v* -r- u~_v, ~_v_~x ~-v-t  + . . .  +b~(~v, x x ] e - ~ + p ~  el, v- - - -1 ,2 ,  . . . .  k - - I ,  ~pe(x) = ~ ;  

~ . ~  q% (x.,) - -  .%.~ (x$ + 

' '=~ = 1 2 {  ]+1 T �9 ~0v (Xv)  - -  q~'e+! ( X v )  - -  

[~+ (x$ - q<,+, (x+)] } ~, : e-~Xv , 

j = l ,  2 . . . . .  k - - l ,  

c ,~, = Ap) + IA~ ~ + B~ ~1 + U,  - -  O?q -~ - -  7 

1 U C ~k~) 
k- -1 .0  "-2 ~ = ' 

a~i ,o  = a~k~l.o + A~ k), b~],o = b ~ l . o  + B~ ~', ] = 2, 3 . . . . .  k, 

1 {  )~[U*-p]k)  q-B~) '- c'kq} (19, 
xh = -Z- In U0 

It  i s  obv ious  tha t  the  so lu t i ons  (18) have  the  f o r m  of  f r o n t  s o l u t i o n s .  I t  fo l lows  f r o m  (19), in  p a r t i e u l a r ,  t ha t  
f o r  U0 ~ 0 the  v e l o c i t y  of p r o p a g a t i o n  of  t h e r m a l  d i s t u r b a n c e s  in  t h e  p r o b l e m  (16) i s  f i n i t e .  

The  d i s t r i b u t i o n s  Uk(X ) f o r  d i f f e r e n t  v a l u e s  of  k wi th  U 0 = 1, U .  = 2, and r = 10 -a a r e  p r e s e n t e d  in  F i g .  1. 
T h e s e  d i s t r i b u t i o n s  c o r r e s p o n d  to a t e m p e r a t u r e  wave  whose  f r o n t  x = N0(t) p r o p a g a t e s  t h r o u g h  the  n o n z e r o  
u n d i s t u r b e d  t e m p e r a t u r e  " b a c k g r o u n d "  with  a f in i t e  v e l o c i t y  (the p o s i t i o n  of the  f r o n t  a t  d i f f e r e n t  t i m e s  i s  
m a r k e d  wi th  a r r o w s  in the  f i gu re ) .  In th i s  e a s e  the  c o e f f i c i e n t  of t h e r m a l  conduc t iv i t y  i s  a e o n s t a n t  which  
does  not  depend  on the  t e m p e r a t u r e  and i s  not  r e d u c e d  to  z e r o  a t  the  t e m p e r a t u r e  wave  f r o n t .  The  n a t u r e  of 
the  m o t i o n  of the  t e m p e r a t u r e  wave  f ron t  i s  r e p r e s e n t e d  in  F i g .  2. 
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Fig .  1~ T e m p e r a t u r e  d i s t r i bu t ion  a t  d i f fe ren t  t i m e s :  1) t 1 = 0.001; 2) t 2 = 0.005; 
3) t 3 = 0.01~ 4) t 4 = 0.02; 5) t 0 = O.O4. 

F ig .  2. Motion of  t e m p e r a t u r e  wave f ron t .  

We a l so  note tha t  the  evo lu t iona ry  p r o b l e m  (16) has a s  a l imi t  as  t - -  ~ the s t eady  solut ion [4] 

Uoch (xmax-- X for X<Xmax, 
u+ (x) = Uo for x ~ Xm.x, 

w h e r e  the  quant i ty  Xma x = a r c c o s h  U , / U  0 d e t e r m i n e s  the m a x i m u m  depth  of pene t r a t i on  of the t h e r m a l  d i s -  
t u r b a n c e s  f r o m  the  wal l .  The  s t eady  d i s t r ibu t ion  u+(x) i s  shown with a dashed  l ine in F ig .  1. 

LITERATURE CITED 

1. G . I .  B a r e n b l a t t  and M. I. Vish ik ,  P r ik l .  Mat.  M e k h . ,  2_.00, No.  3 (1956). 
2. O . A .  Oleinik,  A.  S. Ka lashn ikov ,  and Chou Y(i-l in,  Izv .  Akad.  Nauk SSSR, Ser .  M a t . ,  22,  No.  5 

(1958). 
3. Ya. B. Zel'dovich and Yu. P. Raizer, Physics of Shock Waves and High Temperature Hydrodynamic 

Phenomena, 2nd ed., Academic Press (1966-1967). 
4. L.K. Martinson and K. B. Parlor, Zh. Vychisl. Mat. Mat. Fiz., 1_22, No. 4 (1972). 
5. S.I .  Golaido, L. K. Martinson, and K. B. Pavlov, Zh. Vychisl. Mat. Mat. Fiz., 1_33, No. 5 (1973). 
6. K.B. Parlor, Zh. Prikl. Mekh. Tekh. Fiz., No. 4 (1973). 
7. K.B. Pavlov, Zh. Prikl. Mekh. Tekh. Fiz., No. 5 (1973). 
8. K.B. Parlor, Zh. Prikl. Mekh. Tekh. Fiz., No. 1 (1975). 
9. I .S.  Berezin and N. P. Zhidkov, Methods of Calculations [in Russian], Vol. 2, Fizmatgiz, Moscow 

(1959). 
i0. Chou Yii-lin, Mat. Sb., 4_/7, No. 4 (1959). 

84 


